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COUNTING CHARACTERS IN BLOCKS OF SOLVABLE
GROUPS WITH ABELIAN DEFECT GROUP
JAMES P. COSSEY AND MARK L. LEWIS
Abstract. If G is a solvable group and p is a prime, then the Fong-
Swan theorem shows that given any irreducible Brauer character ϕ of
G, there exists a character χ ∈ Irr(G) such that χo = ϕ, where o denotes
the restriction of χ to the p-regular elements of G. We say that χ is a lift
of ϕ in this case. It is known that if ϕ is in a block with abelian defect
group D, then the number of lifts of ϕ is bounded above by |D|. In
this paper we give a necessary and sufficient condition for this bound to
be achieved, in terms of local information in a subgroup V determined
by the block B. We also apply these methods to examine the situation
when equality occurs in the k(B) conjecture for blocks of solvable groups
with abelian defect group.
1. Introduction
Let G be a finite group and p a fixed prime. One of the main areas of re-
search in the representation theory of finite groups is the interplay between
the representation theory of G over the complex numbers and the represen-
tation theory of G over an algebraically closed field F of characteristic p. In
particular, we will look at the connection between the set Irr(G) of ordinary
irreducible characters of G, and the set IBrp(G) of irreducible Brauer char-
acters of G, which are complex-valued class functions on the set of p-regular
elements of G that in some sense describe the irreducible representations of
G over F. Let αo denote the restriction of the complex valued class function
α to the p-regular elements of G. It has long been known that in this case,
if χ ∈ Irr(G), then we have
χo =
∑
ϕ∈IBrp(G)
dχϕϕ,
where the {dχϕ} are uniquely defined non-negative integers, called the de-
composition numbers of χ. (See [12] for a more thorough treatment of the
basic facts about Brauer characters and decomposition numbers of finite
groups.)
If G is solvable, there is more that can be said. The Fong-Swan theorem
(see [7] or [12] for a proof of the Fong-Swan theorem) says that if ϕ ∈
2000 Mathematics Subject Classification. Primary 20C20, 20C15.
Key words and phrases. lifts, Brauer characters, Finite groups, Representations, Solv-
able groups.
1
2 JAMES P. COSSEY AND MARK L. LEWIS
IBrp(G), then there is an ordinary irreducible character χ of G such that
χo = ϕ. In this case, we say that χ is a lift of ϕ, and we define Lϕ = {χ ∈
Irr(G) | χo = ϕ} to be the set of lifts of ϕ. Recently the authors (along with
others) have been examining the structure of Lϕ and determining upper
bounds on the size of this set (see [2] and [4]).
Now, assume G is solvable and B is a block of G with abelian defect group
D (again, see [12] for the definition and properties of the defect group of
a block). It is known in this case (either as an immediate consequence of
the k(B) theorem, or, perhaps more easily, as a consequence of Corollary B
of [4], since here the vertex subgroup is equal to the defect group) that if
ϕ ∈ IBrp(B), then
|Lϕ| ≤ |D|.
In this paper we examine a necessary and sufficient condition for equality
to occur in this inequality. In particular, given any block B of a solvable
group G with defect group D, we will define a certain canonical subgroup
VB containing (a conjugate of) D as a Sylow p-subgroup, called the Fong
subgroup of B. Our first main theorem is the following:
Theorem 1. Let G be a solvable group and B a block of G with abelian
defect group, let V be the Fong subgroup for B, and let D be a defect group
for B contained in V . Suppose ϕ ∈ IBrp(B). Then |Lϕ| = |D| if and only
if D ≤ Z(NV (D)).
One might perhaps wonder if it would be more natural to consider the
subgroup NG(D) rather than NV (D) in the statement of Theorem 1. We
will show that there is in fact a counterexample to show that the statement
does not hold if we replace NV (D) with NG(D).
The assumption that |Lϕ| = |D| in the above theorem may seem a bit
strong, in light of the k(B) problem. Our next result gives a number of
equivalent conditions, in the case that the defect group is abelian. Given a
Brauer character ϕ of G, we let Irr(G : ϕ) = {χ ∈ Irr(G) | dχϕ 6= 0}.
Theorem 2. Let G be a solvable group and B a block of G with abelian
defect group D and let ϕ ∈ IBrp(G). Then the following conditions are
equivalent:
(1) |Lϕ| = |D|.
(2) Irr(G : ϕ) = Lϕ.
(3) |Irr(G : ϕ)| = |D|.
Theorem 1 is example of a result showing that a “global” condition is
equivalent to a “local” condition. This has been a common theme in looking
at lifts. In Theorem 2, we show that the global condition of Theorem 1 is
equivalent to two other global conditions, one of which does not involve any
discussion of lifts. To our knowledge, this is the first time a global condition
on lifts has been shown to be equivalent to a global condition that does not
involve lifts.
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Note that the Fong-Swan theorem actually applies to p-solvable groups.
Furthermore, most of our results also apply not just to solvable groups,
but to p-solvable groups, and will be proved in that setting. However, one
direction of Theorem 1 requires the group G (or, more specifically, a p-
complement in G) to be solvable.
We feel it is important to point out that the proofs of the main results are
“character theoretic” in nature, in that the proofs only use the characters
and not the underlying representations. In particular this means that all
of the results in this paper also hold in the setting of Isaacs’ “pi-partial”
characters of pi-separable groups (see [7]) and the proofs would be the same
(in particular, see [13] and [14] for a discussion of the pi-block theory). Again,
we still would need the solvable hypothesis for the one direction of Theorem
1 even in this setting.
We will conclude with a section that briefly discusses how our results
fit into the context of nilpotent blocks. Some of these results are known
for nilpotent p-blocks, though there does not yet seem to be a theory of
nilpotent pi-blocks. In the final section we will show how our results yield a
version of the Broue-Puig theorem for nilpotent pi-blocks with abelian defect
group, while simultaneously giving a new proof of that Broue-Puig theorem
for nilpotent p-blocks of solvable groups with abelian defect group.
2. The pair (VB , BV ) and character triple isomorphisms
Let B be a block of a solvable group G. In this section we will define
the Fong pair (VB , BV ) and discuss some of the basic properties of this pair.
The following definition is essentially simply naming the end result of the
Fong reduction in a solvable group (see Theorems 9.14 and 10.20 of [12] for
more details).
Definition 2.1. Let G be a solvable group and let B be a block of G. Write
M = Op′(G), and let α ∈ Irr(M) be covered by B. If α is invariant in G,
then we define the Fong pair (VB , BV ) to be (G,B). If α is not invariant
in G, then we let T be the stabilizer of α in G, and note that by the Fong-
Reynolds theorem (see Theorem 9.14 of [12]), there exists a block B1 of T
covering α such that induction is a bijection from B1 to G. In this case we
define the Fong pair (VB , BV ) for B to be a Fong pair for B1.
It is perhaps worth mentioning in the above definition that in general one
could have Op′(T ) > Op′(G). We say VB is the Fong subgroup for B, and we
say BV is the corresponding block. We note some immediate consequences of
the above definition. By the Fong-Reynolds theorem, any Sylow p-subgroup
of VB is a defect group for the block B. Moreover, obviously one could have
chosen a different character α of M covered by B, but a different choice
would have yielded a conjugate Fong pair. Finally, note that induction
preserves decomposition numbers. In other words, with the above notation,
if χ ∈ Irr(B) and ϕ ∈ IBrp(B) are induced by χ1 ∈ Irr(B1) and ϕ1 ∈
IBrp(B1), respectively, then dχϕ = dχ1ϕ1 .
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The following lemma is clear from the above discussion.
Lemma 2.2. Let G be a solvable group and B a block of G with Fong pair
(VB , BV ). Then induction is a bijection from BV to B, and the induction
map preserves the decomposition numbers dχϕ.
This leads to the following immediate corollary.
Corollary 2.3. Let G be a solvable group and B a block of G with Fong pair
(VB , BV ). Let ϕ ∈ IBrp(B) and let ϕ̂ denote the corresponding character of
VB. Then induction is a bijection from Lϕ̂ to Lϕ and from Irr(VB : ϕ̂) to
Irr(G : ϕ).
We will need to use the theory of character triples (see Chapter 11 of [8]
and Chapter 8 of [12] for more details). The following lemma is essentially
contained in the proof of Corollary B of [4]. Notice that for isomorphic
character triples whose normal subgroups are p′-groups that this provides a
correspondence of the Brauer characters in the blocks covering the character
of the normal subgroup.
Lemma 2.4. Let p be a prime, let (G,N, θ) and (Γ,M, γ) be isomorphic
character triples where N and M are p′-groups and G or Γ is a p-solvable
group. Suppose χ ∈ Irr(G | θ) and ψ ∈ Irr(Γ | γ) correspond under the
character triple isomorphism.
(1) Then χo is irreducible if and only if ψo is irreducible.
(2) The character triple isomorphism yields a bijection from IBrp(G | θ)
to IBrp(Γ | γ).
(3) If χo is irreducible, then the character triple isomorphism restricts
to bijections from Irr(G : χo) to Irr(Γ : ϕo) and from Lχo to Lψo .
Proof. Notice that G is p-solvable if and only if Γ is p-solvable since N and
M are both p′-groups. Thus, assuming one is p-solvable is sufficient to see
that they both are. Write ∗ to represent the bijection of characters induced
by the character triple isomorphism, so that ψ = χ∗. Take H to be a Hall
p-complement of G, and let H∗ correspond to H, and note that H∗ will be
a Hall p-complement of Γ.
By the Fong-Swan theorem, χo is reducible if and only if there exist
characters α, β ∈ Irr(G) such that χo = αo + βo. This occurs if and only if
χH = αH + βH . Using the character triple isomorphism, this is equivalent
to ψH∗ = (α
∗)H∗ + (β
∗)H∗ and to ψ
o = (α∗)o + (β∗)o. We conclude that χo
is irreducible if and only if ψo is irreducible, and we have proved the first
statement.
Suppose that χo is irreducible. Notice that η ∈ Irr(G) is a lift of χo if
and only if ηH = χH . Similarly, η
∗ is a lift of ψo if and only if (η∗)H = ψH .
It follows that η is a lift of χo if and only if η∗ is a lift of ψo, and thus
the character triple isomorphism is a bijection from L(χo) to L(ψo), and we
have proved the second part of (3).
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If ϕ ∈ IBrp(G | θ), then ϕ has a lift τ ∈ Irr(G | θ). Let ϕ
∗ = (τ∗)o ∈
IBrp(Γ | γ), and observe that the map ϕ→ ϕ
∗ is clearly independent of the
choice of τ , and thus well-defined. Observe that if ϕ, σ ∈ IBrp(G | θ) so that
ϕ∗ = σ∗, then ϕ∗H∗ = σ
∗
H∗ . By the character triple isomorphism, we have
ϕH = σH , and it follows that ϕ = σ. Hence, this map is injective. Suppose
κ ∈ IBrp(Γ | γ). Let ζ ∈ Irr(Γ | γ) be such that ζ
o = κ. Let η ∈ Irr(G | θ)
be such that η∗ = ζ. Since ζo is irreducible, we have seen that ηo must
be irreducible. We see that (ηo)∗ = κ, and so the map is surjective, thus
proving statement (2).
It remains only to prove the first part of (3). Suppose that χo is irre-
ducible, and observe that η ∈ Irr(G | χo) if and only if ηH = χH +Θ, where
Θ is a character of H (or zero) that lies over θ. This occurs if and only if
η∗H∗ = ψH∗ +Θ
∗, and this occurs if and only if ψo is a constituent of (η∗)o.
This implies that the character triple isomorphism gives a bijection between
Irr(G : χo) and Irr(Γ : ψo). 
We will also make use of a result of Dade regarding the Glauberman
correspondence found in [5]. If S is a solvable group acting coprimely on a
group K, then we write Irr(S)(K) for the characters in Irr(K) that are left
invariant by the action of S. Recall from Chapter 13 of [8] that Glauberman’s
correspondence yields a bijection from Irr(S)(K) to Irr(CK(S)). If χ ∈
Irr(S)(K), then we use χ
∗ to represent the Glauberman correspondent of χ.
Now, suppose that N is a normal subgroup of a group G, and that M is
a normal subgroup of G that contains N so that N is a Hall subgroup of M
and M/N is solvable. By the Schur-Zassenhaus theorem, we know that N
has a complement Q in M , and by the Frattini argument, G = NNG(Q).
It is not difficult to see that N ∩NG(Q) = CN (Q). In [5], Dade outlines a
proof of the fact that if θ ∈ Irr(N) is G-invariant and θ∗ ∈ Irr(CN (Q)) is the
Glauberman correspondent of θ, then θ and θ∗ determine the same element
in the Schur multiplier of of G/N ∼= NG(Q)/CN (Q). (See Chapter 11 of [8]
for a discussion of Schur multipliers and characters determining elements in
the Schur multiplier.)
Looking at the proof of Theorem 11.28 of [8], we see that if two charac-
ters determine the same element of the Schur multiplier, then the resulting
character triples are isomorphic. Hence, Dade’s result can be read as saying
that (G,N, θ) and (NG(Q), CN (Q), θ
∗) are character triple isomorphic. We
note that Dade did not publish a complete proof of his result (it is proved
in a preprint), but recently, Turull has published a paper with a stronger
result (see [15]).
Theorem 2.5. Let G be a p-solvable group, let ϕ ∈ IBrp(G) lie in a block
B with abelian defect group D, and let V be the Fong subgroup of B and
ϕ̂ ∈ IBrp(V ) be the Brauer character that induces to ϕ. Then there exists a
Brauer character ϕ˜ ∈ IBrp(NV (D)) that satisfies:
(1) (ϕ˜)CO
p′
(V )(D) is homogeneous.
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(2) The unique irreducible constituent of (ϕ˜)CO
p′
(V )(D) corresponds to
the unique irreducible constituent of ϕ̂Op′ (V ) via the Glauberman cor-
respondence.
(3) There is a bijection between Irr(G : ϕ) and Irr(NV (D) : ϕ˜) so that if
χ˜ ∈ Irr(NV (D) : ϕ˜) corresponds to χ ∈ Irr(G : ϕ), then χ˜(1)/ϕ˜(1) =
χ(1)/ϕ(1) and thus the bijection restricts to a bijection between Lϕ
and Lϕ˜.
Proof. Let N = Op′(V ). Let α be the unique irreducible constituent of
ϕ̂N . We see that D is a Sylow p-subgroup of V . Let β ∈ Irr(CN (D))
be the Glauberman correspondent for α. Let M/N = Op(V/N). By the
Hall-Higman theorem, CV/N (M/N) ≤ M/N . Since D is abelian, this im-
plies that D ≤ M , and so, M = ND. We now use Dade’s result men-
tioned before this lemma to provide a character triple isomorphism be-
tween (V,N, α) and (NV (D),CN (D), β). Using Lemma 2.4, we can take
ϕ˜ = (ϕ̂)∗ ∈ IBrp(NV (D)) to correspond to ϕ̂ under the character triple
isomorphism, and by that lemma, we get bijections from Irr(NV (D) : ϕ˜) to
Irr(V : ϕ̂) and from Lϕ˜ to Lϕ̂. Using Theorem 2.3, we have bijections be-
tween Irr(V : ϕ̂) and Irr(G : ϕ) and between Lϕ̂ and Lϕ. Combining these,
we get the desired bijections. Notice that both induction and the character
triple isomorphism preserve the ratio of degrees, so the given ratios hold. 
3. The proofs of Theorems 1 and 2
In this section we prove Theorems 1 and 2. One direction of Theorem
1 will follow easily from the theory we have established (and in fact will
hold for p-solvable groups, or even pi-separable groups in the pi-theory). The
other direction will require a very different argument, and will require G to
be solvable. However, we do not yet know of a counterexample to suggest
that the solvable hypothesis cannot be replaced by p-solvable.
Our first lemma is essentially the “invariant” case of one direction of
Theorem 1.
Lemma 3.1. Let p be a prime, let G be a p-solvable group, let N = Op′(G),
and let ϕ ∈ IBrp(G) be contained in the block B with defect group D. Suppose
α ∈ Irr(N) is an irreducible constituent of ϕN and is G-invariant. If D ≤
Z(G), then |Lϕ| = |D|. Moreover, ϕ is the unique Brauer character of B.
Proof. Since α is G-invariant, D is a Sylow p-subgroup of G by a theorem of
Fong (Theorem 10.20 of [12]). Let H be a Hall p-complement for G. Since
D is a Sylow p-subgroup and central, we have that G = H × D. We see
that ϕH = θ ∈ Irr(H), and the set of lifts of ϕ is the set Irr(G | θ). Since
|Irr(G | θ)| = |D|, this gives |Lϕ| = |D|, as desired. Finally, since G is the
direct product of a p-group and a p′-group, then ϕ is the unique Brauer
character in B. 
We now have as a corollary one direction of Theorem 1. In fact, we prove
slightly more.
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Theorem 3.2. Let G be a p-solvable group and let B be a block of G with
abelian defect group D, and suppose ϕ ∈ IBrp(B). Let V be the Fong sub-
group associated to B. If D is central in NV (D), then |Lϕ| = |D|. Moreover,
in this case ϕ is the unique Brauer character in B.
Proof. Let ϕ˜ ∈ IBrp(NG(V )) be as defined in Theorem 2.5. By Theorem
3.1, |Lϕ˜| = |D| and ϕ˜ is the unique Brauer character in its block. On the
other hand, using Theorem 2.5, we have |Lϕ| = |Lϕ˜|. Combining these two
equations, we have the desired equality. The final statement follows from
Lemmas 2.2 and 2.4. 
We point out that the conclusion that ϕ is the unique Brauer character
in B also appears in [11], though we include our proof here since it follows
easily from the results we have developed.
We now begin working toward the proof of the other direction of Theorem
1. Fortunately, along the way we will prove most of Theorem 2. We note
that the first conclusion of the next lemma follows from the k(B)-conjecture,
but since our proof is simple, we decided to include it.
Lemma 3.3. Let G be a p-solvable group, let D be a normal, abelian Sylow
p-subgroup, and let ϕ ∈ IBrp(G). Then the following are true:
(1) |Irr(G : ϕ)| ≤ |D|.
(2) If |Irr(G : ϕ)| = |D|, then Irr(G : ϕ) = Lϕ.
Proof. Let H be a Hall p-complement of G. Hence, we have G = HD. Let
χ ∈ Bp′(G) be a lift of ϕ (see [7] for a discussion of Isaacs’ Bp′ characters,
which are canonical lifts of the Brauer characters). Then we know that D is
in the kernel of χ, so χH = ϕH is irreducible. If γ ∈ Irr(G : ϕ), then ϕH is
a constituent of γH . Let ψ1 = χ,ψ2, . . . ψm be the characters in Irr(G : ϕ).
Then (ϕH)
G =
∑m
i=1 ψi+Θ where Θ is either identically 0 or a character of
G. Observe that
|D|ϕ(1) = (ϕH)
G(1) =
m∑
i=1
ψi(1) + Θ(1) ≥ mϕ(1).
This implies that m ≤ |D|, and (1) is proved. Suppose m = |D|, then
we must have equality throughout, and this implies that Θ(1) = 0 and
ψi(1) = ϕ(1) for all i. Therefore, Θ is identically 0, and each of the ψi is a
lift of ϕ. In particular, Irr(G : ϕ) contains only lifts of ϕ. 
For a character δ of a normal subgroup N of G, we will let Gδ denote the
inertia subgroup of δ.
Lemma 3.4. Let G be a p-solvable group, and let ϕ ∈ IBrp(G) be in a block
with a normal, abelian defect group D. Let δ ∈ Irr(D). If |Lϕ| = |D|, then
|Lϕ ∩ Irr(G | δ)| = |G : Gδ|.
Proof. To prove this, we use Theorem 2.6 of [4], and we adopt the notation
from that result. Hence, let A be a complete set of representatives of the G-
orbits of Irr(D) with δ ∈ A. For λ ∈ A, the set Cλ defined there is contained
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in Lϕ∩Irr(G | λ). Since |Lϕ| equals both
∑
λ∈A |Cλ| and
∑
λ∈A |Lϕ∩Irr(G |
λ)|, it follows that Cδ = Lϕ ∩ Irr(G | δ). By Lemma 2.3 of [4], we have
|Lϕ ∩ Irr(G | δ)| ≤ |G : Gδ|. Applying Theorem 2.6 of [4] again, we have
|Lϕ| =
∑
λ∈A
|Lϕ ∩ Irr(G | λ)| ≤
∑
λ∈A
|G : Gλ| = |D|.
Our hypothesis implies that we must have equality throughout, and so,
|Lϕ ∩ Irr(D | δ)| = |G : Gδ|, as desired. 
We now look at the case when |Irr(G : ϕ)| = |D|.
Theorem 3.5. Let G be a p-solvable group, and let ϕ ∈ IBrp(G) lie in a
block B with abelian defect group D. If |Irr(G : ϕ)| = |D|, then Irr(G : ϕ) =
Lϕ. Moreover, IBrp(B) = {ϕ} and Irr(B) = Lϕ.
Proof. Let (V, γ) be a Fong pair for ϕ so that D ≤ V . Let ϕ˜ ∈ IBrp(NV (D))
correspond to ϕ as in Theorem 2.5. By that theorem, we have |Lϕ˜| = |Lϕ|
and |Irr(G : ϕ)| = |Irr(NV (D) : ϕ˜)| = |D|. Notice that NV (D) now satisfies
the hypotheses of Lemma 3.3, and hence, Lϕ˜ = Irr(NV (D) : ϕ˜). We now
have |Irr(G : ϕ)| = |Irr(NV (D) : ϕ˜)| = |Lϕ˜| = |Lϕ|. Since Lϕ ⊆ Irr(G : ϕ),
we obtain Lϕ = Irr(G | ϕ). Notice that no irreducible character of G has
a restriction to Go with ϕ and some other irreducible Brauer character as
constituents. Hence, IBrp(B) = {ϕ} and Irr(B) = Lϕ. 
We should note here that in the next theorem, we need the stronger hy-
pothesis of solvability rather than p-solvability that we have been assuming
everywhere else. We need the solvability hypothesis to appeal to Dolfi’s
theorem.
Theorem 3.6. Let G be a solvable group, let D be a normal, abelian Sylow
p-subgroup, and let ϕ ∈ IBrp(G). Assume that ϕOp′ (G) is homogeneous. If
|Lϕ| = |D|, then D ≤ Z(G).
Proof. We work by induction on |G|. Let H be a Hall p-complement of G.
Hence, we have G = HD. Let χ ∈ Bp′(G) be a lift of ϕ. Then we know
that D is in the kernel of χ, so χH = ϕH is irreducible.
Let N = Op′(G). If ND = G, then G = N ×D, and the result is trivial
in this case. Thus we assume that ND < G, and it not difficult to see that
ND = CG(D), so H/N acts faithfully on D. Let α be the unique irreducible
constituent of ϕN . By Lemma 3.3, we have |Lϕ| ≤ |Irr(G : ϕ)| ≤ |D|,
and thus we have equality throughout. Thus by Theorem 3.5, we have
IBrp(G | α) = {ϕ} and Irr(G | α) = Irr(G : ϕ) contains only lifts of ϕ.
We can now apply Lemma 4.2 of [11] to see that α is fully-ramified with
respect to H/N , and thus α × 1D is fully-ramified with respect to G/ND.
Notice that χ must be the unique irreducible constituent of (α × 1D)
G,
and thus (χ(1)/α(1))2 = |G : ND| = |H : N |. Let χ(1) = eα(1), so
ϕ(1) = χ(1) = eα(1) and e2 = |G : ND|.
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Suppose that there exists a normal subgroupM of G so that 1 < M < D.
Let {δ1, . . . , δm} be a complete set of representatives of the H orbits of
Irr(D/M). The number of lifts of ϕ in G/M will equal
m∑
i=1
|Lϕ ∩ Irr(G | δi)| =
m∑
i=1
|G : Gδi | = |D :M |
by Lemma 3.4 applied to the characters δi. Thus, G/M satisfies the hy-
potheses of the theorem. By the inductive hypothesis, we have that D/M
is central in G/M , so [D,G] ≤M . This implies that [D,H] ≤M .
Notice that H centralizes CD(H) and D centralizes CD(H) since D is
abelian. Thus, CD(H) is normal in HD = G. If 1 < CD(H) < D, then
[D,H] ≤ CD(H) by the previous paragraph. On the other hand, D =
[D,H]×CD(H) by Fitting’s theorem. This is a contradiction. Thus, either
D = CD(H) and D ≤ Z(G) as desired, or D = [D,H]. Thus, we assume
that D = [D,H], and by the previous paragraph, this implies that D is
minimal normal in G since otherwise, [D,H] < D.
Using a theorem of Dolfi (Theorem 1.1 in [6]), we can find δ, σ ∈ Irr(D)
so that CH(δ) ∩ CH(σ) = N . Observe that Gα×δ = Gδ = CH(δ)D and
Gα×σ = Gσ = CH(σ)D. Since all the characters in Irr(G | α× δ) are lifts of
ϕ, we have that |G : Gδ| divides ϕ(1)/α(1) = e. Since Gδ ∩Gα×σ = ND, we
have that (α×σ)Gδ is irreducible. Also, the characters in Irr(G | (α×σ)Gδ )
are lifts of ϕ, so (α×σ)Gδ (1) = |Gδ : ND|α(1) ≤ ϕ(1) = eα(1). This implies
that |Gδ : ND| ≤ e. We now have
|G : ND| = |G : Gδ||Gδ : ND| ≤ e · e = e
2 = |G : ND|,
and thus we must have equality throughout. This implies that |G : Gδ| =
|Gδ : ND| = e. Since all the characters in Irr(G | α× δ) have degree eα(1),
we see that all of the characters in Irr(Gδ | α× δ) have degree α(1) and so,
Irr(Gδ | α × δ) contains only extensions of α × δ. By Gallagher’s theorem,
this implies that Gδ/ND is abelian. In a similar fashion, |Gσ : ND| = e
and Gσ/ND is abelian. Since
|GδGσ : ND| =
|Gδ : ND||Gσ : ND|
|(Gδ ∩Gσ) : ND|
=
e · e
1
= e2 = |G : ND|,
we have G = GδGσ . Therefore, G/ND is the product of two abelian sub-
groups.
Finally, Itoˆ has proved that if a nontrivial group is the product of two
abelian subgroups, then one of those subgroups must contain a nontrivial
normal subgroup of the group (see Satz 2 of [9]). Thus, we can find K
normal in G so that NM < K ≤ Gδ. This implies that CD(K) > 1. Since
D and K are normal in G, we know that CD(K) is normal in G. Because
D is minimal normal in G, we deduce that D = CD(K), but this implies
that K ≤ CG(D) = ND, a contradiction. 
We can now finally prove the other direction of Theorem 1.
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Corollary 3.7. Let G be a solvable group, and let ϕ ∈ IBrp(G) lie in a block
B with abelian defect group D. Let V be a Fong subgroup for B containing
D. If |Lϕ| = |D|, then D ≤ Z(NV (D)).
Proof. Let χ be a lift of ϕ and let (V, γ) be a Fong pair for (G,χ) that
contains D. Let ϕ˜ ∈ IBrp(NV (D)) correspond to ϕ as in Theorem 2.5.
By that theorem, we have |Lϕ˜| = |Lϕ| = |D|. Notice that NV (D) now
satisfies the hypotheses of Theorem 3.6, and by that theorem, we have D ≤
Z(NV (D)). 
We are now almost ready to prove Theorem 2. We first need two easy
results. Interestingly, in the next lemma we conclude that the defect group
is abelian if the defect group is normal and every character in Irr(G : ϕ) is
a lift of ϕ.
Lemma 3.8. Let G be a p-solvable group, let D be a normal Sylow p-
subgroup, and let ϕ ∈ IBrp(G). If Irr(G : ϕ) = Lϕ, then |Lϕ| = |D| and D
is abelian.
Proof. Let H be a Hall p-complement of G, so that we have G = HD.
Let χ ∈ Bp′(G) be a lift of ϕ. Then we know that D is in the kernel
of χ, so χH = ϕH is irreducible. If γ ∈ Irr(G : ϕ), then γ is a lift of
ϕ, so γH = ϕH , and by Frobenius reciprocity, γ has multiplicity 1 as a
constituent of (ϕH)
G. Let ψ1, ψ2, . . . ψm be the lifts of ϕ where m = |Lϕ|.
Then (ϕH)
G =
∑m
i=1 ψi, and therefore (ϕH)
G(1) = |G : H|ϕ(1) = |D|ϕ(1)
and (ϕH)
G(1) =
∑m
i=1 ψi(1) = mϕ(1). This implies that m = |D|.
Let N = Op′(G), and let α ∈ Irr(N) be a constituent of ϕN . Let ϕα ∈
IBrp(Gα | α) be the Clifford correspondent for ϕ. By Clifford induction, a
character χ ∈ Irr(G) is a lift of ϕ if and only if χ is induced from a lift of
ϕα. Moreover, a character ξ ∈ Irr(G) is in Irr(G : ϕ) if and only if it lies
over a character in Irr(Gα : ϕα). Thus we have Lϕα = Irr(Gα : ϕα). Hence,
it suffices to assume that α is G-invariant. This implies that Irr(G : ϕ) =
Irr(G | α). If δ ∈ Irr(D), this implies that Irr(G | α × δ) consists of lifts of
ϕ. If ψ ∈ Irr(G | α × δ), then ψ(1) = ϕ(1) is not divisible by p. Since δ(1)
divides ψ(1), we conclude that δ(1) = 1, so all irreducible characters of D
are linear. Therefore, D is abelian. 
This proves one assertion of Theorem 2.
Corollary 3.9. Let G be a p-solvable group, and let ϕ ∈ IBrp(G) lie in a
block B with abelian defect group D. If Irr(G | ϕ) = Lϕ, then |Lϕ| = |D|.
Proof. Let V be the Fong subgroup for the block B, and let ϕ˜ ∈ IBrp(NV (D))
be the character corresponding to ϕ as in Theorem 2.5. By that theorem,
we have |Lϕ˜| = |Lϕ| and |Irr(NV (D) : ϕ˜)| = |Irr(G : ϕ)|. This implies that
|Lϕ˜| = |Irr(NV (D) : ϕ˜)|, and so, Lϕ˜ = Irr(NV (D) : ϕ˜). We now apply
Lemma 3.8 to see that |Lϕ˜| = |D|, and the equality |Lϕ| = |Lϕ˜| = |D| yields
the result. 
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We now prove Theorem 2.
Proof of Theorem 2. Let V be the Fong subgroup for the block containing
ϕ, and let ϕ˜ be the character of NV (D) corresponding to ϕ. By Theorem
2.5, it is enough to prove the theorem for NV (D) and ϕ˜, so by replacing G
with NV (D), we may assume that D is normal in G.
Assume (1), that |Lϕ| = |D|. By Lemma 3.3, we have that |Lϕ| ≤ |Irr(G :
ϕ)| ≤ |D|, and thus we have equality throughout, proving (2).
Now assume (2), that every character in Irr(G : ϕ) is a lift of ϕ. By
Corollary 3.9, we have that |D| = |Lϕ| = |Irr(G : ϕ)|, proving (3).
Finally, if we assume (3), then (1) follows immediately from 3.3, since
|Irr(G : ϕ)| ≤ |Lϕ| ≤ |D|. 
4. Example
This section contains a counterexample showing that Theorem 1 is not
true if we replace NV (D) with NG(D).
Let G be the semi-direct product of a group of order 3 acting on a group
of order 91 as a fixed-point free automorphism, so G is a Frobenius group
of order 273. Take p = 7. Notice that G has 3 linear characters and the
remaining (30) irreducible characters of G have degree 3. Let D be the
subgroup of order 7, and notice that D is normal in G but not central.
The Brauer characters of G correspond to the characters of G/D. Let χ ∈
Irr(G/D) have degree 3. Let ϕ = χo. Let C be the cyclic subgroup of order
91, and let α be an irreducible constituent of χC . Observe that α
G = χ and
D is in the kernel of α. Let B be the subgroup of order 13, and observe
that C = B ×D. Let α0 = αB , and observe that α = α0 × 1D. Note that
C is the stabilizer for α0 in G. Observe that for each δ ∈ Irr(D), we have
(α0×δ)
G is a lift of ϕ. By Gallagher’s theorem and Clifford’s theorem, these
are distinct for distinct δ. This gives |D| = 7 different lifts of ϕ. But D is
not central in its normalizer.
5. Nilpotent blocks
Recall that all of the results and their proofs so far in this paper also hold
in the case of Isaacs’ pi-partial characters. In this section we will put our
results into the context of nilpotent blocks. Much is known about nilpotent
blocks in the “classical” case (i.e. where the set of primes pi is the comple-
ment of the prime p). In this section we briefly sketch a proof of how our
arguments yield a character-theoretic proof of a special case of the Broue-
Puig theorem about nilpotent blocks, and thus at least a special case of the
Broue-Puig theorem holds for pi-blocks of solvable groups.
Throughout this section, G is a solvable group and pi is a set of primes.
(Many, though not all, of the results in this section hold for pi-separable
groups rather than just solvable groups.)
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Definition 5.1. Let Q be a pi′-subgroup of G, and let B be a pi-block of
G. If b is a block of QCG(Q), we say the pair (Q, b) is a subpair of G. If
bG = B, we say the pair (Q, b) is a B-subgroup of G. Let NG(Q, b) denote
the stabilizer in NG(Q) of the block b.
We say the block B of G is nilpotent if NG(Q, b)/CG(Q) is a pi
′-group for
every B-subgroup of G.
The Broue-Puig theorem [1] shows that if B is a nilpotent p-block of a
finite group G with defect group D, then l(B) = 1 and k(B) = |D|. We
now give a brief sketch of a proof of a similar result for nilpotent pi-blocks
of solvable groups with abelian defect group.
Theorem 5.2. Let G be a solvable group, and suppose B is a nilpotent pi-
block of G with an abelian defect group D. Then there is a unique pi-partial
character ϕ in B, and there are exactly |D| ordinary irreducible characters
in D, all of which lift ϕ.
Sketch of Proof. We will show that D is central in NV (D), where V is the
Fong subgroup for V . Thus let V be the Fong subgroup for B with corre-
sponding block B1, and note that if M = Opi(V ), then B1 covers a unique
character α of M , and (after conjugating, if necessary), D is a Hall pi′-
subgroup of V .
One can show that if (CG(D), b) is a root of B (see [3] for a discussion of
roots of pi-blocks with abelian defect group), then (D, b) is a B-subgroup,
and thus NG(D, b)/CG(D) is a pi
′-group. Thus if (CV (D), b1) is the root of
B1, then NV (D, b1)/CV (D) is a pi
′-group. (See [3] for more details of this
argument, here we are essentially repeatedly applying Lemma 5.1 of [3] to
go from the root b of B to the root b1 of B1.)
Now D acts coprimely onM , and let β ∈ Irr(CM (D)) be the Glauberman
correspondent of α. One can show that CV (D) = DCM (D) and thus β
extends to β̂ ∈ Irr(CV (D)), and since α is invariant in V , then β and
β̂ are invariant in NV (D). Now β̂ is the unique character in b1, and we
have NV (D, b1) = INV (D)(β̂) = NV (D). Since D is a Hall pi
′-subgroup of
V , then NV (D)/CV (D) is a a pi-group. But we have already shown that
NV (D)/CV (D) is a pi
′-group. ThusCV (D) = NV (D), and thus D is central
in NV (D). By Theorem 1, we have that |Lϕ| = |D|, and by Theorem 2, we
are done. 
Notice that in the “classical” case (where pi is the complement of the prime
p), Theorem 4.1 of [10] shows that the conditions in Theorem 2 imply that
B is nilpotent. In the pi-case, we see that the “hard” direction of Theorem 1
(which required the use of a large orbit theorem) shows that the conditions
of Theorem 2 imply that D is central in NV (D), though we do not know
yet if this is equivalent to B being nilpotent.
Finally, we mention that it seems reasonable that stronger version of the
Broue-Puig theorem should hold in the pi case, without the requirement that
the defect groupD is abelian. That is, ifB is a nilpotent pi-block of a solvable
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group G, it should be the case that there is a unique pi-partial character ϕ
in B and there should be exactly |D| ordinary irreducible characters in B,
all of which lift ϕ. However, we do not yet have a proof of this.
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